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® Uniform \eArmnj ~  yniversal \earnir:ﬁ

© Standard  PAC- \eammj (rea\liztk\nk) , wniform Convcramca

© wovst - case  emvor  vale  chacacterized \5 VG dimension

observed leo\rn‘mj e often much better 4han  livear

E[er(izn)]
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BEven though +he minimax risk  decreages ~ " ) {-or an
daka  ddMibubion P, the enor rare Moy decrense, e.x?onm-h'o\\\j.

QUESTION.  [s there a ‘\'Meorj Aot can  betrer ex?\om s ?Mev\om-enm?
— Mok ﬁv\wﬂ from  worst-case av\a\jsis o a daten deemdwvl- one. 2

« the derm umwersal is used when a roperty  ( consistency, ke ek, )
hdds ‘Eov eveny redizdle  distibution P, but st uvx\forw\\j

Tdeow  define  universal \e.amabxld-\} so that  costorts W leaming rares
are  ollowed o Ae(m\d m P (lowr +he cie onay overall gkl be

ex?one(\‘ha\ or example .
Result:  there oce 0“\3 ) \DOSS'\\O\Q. TATIY
- ex?onen'ba\

- (\V\Qﬂ\(‘

- o‘rb\‘t‘w\h\ﬁ s\ow



@ Prliminaries

- X instance. space [ domain
He oy oneept dloss
- P distibution e Ax fo,\}
“en (W = P(h#Y) enor  vate
- REO) = {P ¢ 1 esld=o] realizzble. distloutions
' 1\\,\ clagsifier  cosen \oj & learing alaofi'\‘\/\m

a‘we,n n iid semples fom P

De-tini Hon (leom"m ror\-e). A concest class is  unversally  leamnable with rate. RN — e
3 ¥ 4

ix' thee exiss 4 ieam‘wﬁ Alaor&bm 11,. st. Hdoc 2veny PeREQW), thee wxist comstonts C,c 70
so o :

Eles )] < CRE (VneN)
We say ot H is not lemable with R fasler than R KS’
V\:\\“ leam'mj Alaor'r\"«\m , APRED) dam distvilwkion sk \JC,c. >0
E"ex‘r&h\—\ R/ CR(en) Sor h&m\hﬁ ang n.

R s ay o?ﬁma\ leamiwﬂ e ‘\8— H s leamoble wety rote R but no fostec

H ires  arbitavily slow @ i for Al R0, H s v leamable
+ s\rer@g: R
A aw e N

Theorem . For ey wncpt  cless "l >3, exod'\:l one of {b“uwini holds -
c H i learnoble with optimal rake ™
- H is learoble with o‘:{—ima\ e
. )'( re_g\,u‘\ms arbi‘(’mﬁ\,j sbow rates .
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Chacocterizotion cF cates

Definition,  ( Littlestone iee). A LiMestone e for H is a complete bmq\rj tvee,
' de‘rw\ d <0

- eacdh wnode is a ?o'm\' xeX /<

- indexed \:j He Poc\'lr\—l'ow.ad/\'\hfvum—l—hem\’ \@ .
/ \A

@

© et Y€ fo, W\ define a Fﬂ\—\‘h _quj“ e tree

fhen +here exists held st h(Xyo) = Yeu  0cked

> both Iu\od‘m‘js exist

If d==, then we sy ot H has an infioite Litlestone, feee .

IF H has a Littestone 4vee  wika a\efrﬂx d but not d+l , we say it has  |itlestne dimension  d .

REMARK. H has an infide Utestone 4ee => H has infinite Litestone dimeasion.
However, —the ‘converse does ok hold  ((nhoife LidHestore dimenson oerdly imglies
He depthh e be  achitranly \arae, , bk ot Ahet dieo edists).



In He Littlestone tree, we have that for any sz\-\/\ 10 & node X , thee exist  hY and W
Hhat are  consistent on the Fod'\/\ wd h26) = 0 while h&y=1.

Definition (VC-Litestne ey A NCL(W)-4ree  of depth  d <o
1S o collection

Pxa X 0 0¢ked | we ) x e x font

sudh thot  Aor every n<d ond y € fo3' x Lo, {o}"™ | dheee
exists o (,o\ncqﬂ' hed st L\(X;“\ =3L\ ’f‘b\r al 0¢isk , 0sgksn.

We Say that H has aa '\mg'\vx'ﬂ-a. VCL bree iE there exists one with d=oo.

THEREM . Tor every  Conept  dass Howitn |23 , he ‘GD“OW\% holds -
- iF H does not have an infnte LitHectone e |, Hen & has optival leam\vg] rate e
“if M has an infate Littesbne tre bt no infinte VlLtree, then i has o?hma\ lervuiny cote w -

. iE H has an infne VCL-tee, then i reguites acbitran b slow \eamivtﬁ rote .



EXAMPLES

© Threshold fvnchions on N.  Let X=N ad A= {15 teNy

. \/C.L’l-\) =\ , has no infinike Lithestne tvee , Litdestone.  dimension s infunde
) )
leamolde  with e,xronen‘\'\A\ e no online learming olgontam

wira W\\\"-nwn‘\j bouwmded mistakes
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@ Thrshod funchions on R . Let X= R and W= {L,e :teR} .

N =1, has an infite Litestone tree
4 ]
no infinite VCL-tree leamade with  linese vofe (oﬁm&\\)

©) Nov\\'me,o\( mw;\%o\c)\ . Let X be o Polisw space and j: X — ‘P\A (d<=0)
be messurable (j is o coordindie function).

ee N = L Lageo * AeR™]

Then H has Dnre LitHestone dimension -



® AA\JUSM(A\ ge;(‘hnj i Gole-Skact Games

Online. \eam\ig problem . Consider a gome lefween, an ao\\l%mg amd & leamer s
F;)(' t: |,2,3,...
ao\versmj diooses  pant X el

learner quesses lavel 3*‘ e Tt
Mvusar_(j revesly  label Ye € {o,13
learnec wins if attec some 1<, no \onﬁer MokeS  MisTokes

o\Averst wins if F Aortes the leamer 4o make ‘\n&\w&% wistakes

ot 0«:/5 \>0\er ntime 1, iLx.,j\) ) (xmjtﬂ ooust be reabizable

&)ﬂ Some \(lé}{ .

ln 4he usval online \eami(lﬁ sz\'-\v'mj) we wWant o bound Hhe total numbes
of mistakes (uf\\foﬂwgp- Mer | We st want o ko it s harte.

THEOREM. or any concepy dass W\ , we hane e d"&mmj'-

o If H does not have aa infinite LiHestore dree. , +then there exists a S‘h’od'%
o s the learnec wmakes at most -P'mi\'g& many  mistakes Aﬁmns.‘\' ony ao\versarj

° If H has an infite Litestne e | +hen there s an odversary Hast dpries
+he leamer fo moke A mishake  eveny wnd.

Th te 'Gb\‘ow\vlj, we'll move back  and dpeth between +he  online Leam‘w\a sck\-m and e

N



Ga\e- Stewart é(ame.S

Let X, % €X and 3.,.-4,jtei°-\\. Let ﬂx‘%\,,.,x{;jt be 4he verson space consistent  with 0(“33/---; (XJ(,‘P‘

H‘“j"'“'x*’jl- = {"le]’l : \f\(,*\\=j\ for \s'\st}_

Then, +he aA\lers_Nﬂ od\imfﬁv\\j 4o foree te leomer wake a mistake eadh vowmd will Jm “o kee?
ﬂx\,\-g\,.--,xt,\—qt tp

as ‘OV\S as ?ossib\e-

The éo\me: wo F\A\Ie(‘s 5 PH and Pl.
- eadh vound T
. PA Chooses %{ eX and shes & 4 B

* PL Chooses 7y [0}

P\, WIS nf H%U%,,,,%%— = 75 wa some. {'iv“'f& T<=o.

Pa  wins if +he game confinves 'mt\ﬁ‘ginﬂ'e.\j-

The Winning - seguentes for P ae f\ni\-el:s decdable. .

= this infinite gome S a  Gale- Stewack gore, => ether P o P s « Nw\mﬂ s’tmke:\\i.

Lemma, - Player P has a wivwing S‘W\\"a& \§ ond w\\j W\ H ohas o0 wheke  Litestune Aree.

= § R he oo wbzw(wﬂ gtm\'ﬂﬁ , 4hea wn congtruct an ‘m]t'mﬂ'e Litlestone tee .
&) § U has oan efute Liklestoe te , o0 fre B b make a mistake eadh vound: .

THEOREM . For any concept dass M\ ,  we hone. e A,mho‘bmj .
If H does not have aa  infinite LirHestore Aree. , then there exists a S'\'m-l-ejﬂ
so Yhae the learnec makes af wost —l’—im\—e{j many - istakes Aﬂmhs‘\’ any aa\vorsqnj

I N has an infinite Litedone tre |, +hen fhere s an adversary Host forees
the leamer to make A michake  eveny wnd.-



We a\reac\j saw @.
O & H has no whinite Liestne fee , then B has a w\nn‘unj S*\mc\eﬂj.

. i][ we knew a priori that the ao\versa:j wold  Pree a mistoke eadn vound

= the learmer should cdhoose Qi" = \- h -

* wWe dont kaow that M\\J&rsa\(j wil force mistake eacda 2ond

ALGORVTHM ( adversarial)
- initalize T 0
- foe t=0,2, .

T receNE Xy
Toguess :/t < \- 1)1*\(5\»“"%1: )xt\
- \& Yo ¥ :/t :

° Frn T %

o T <« T~+\

A note on meﬂsum\d\\@rg.
The o\\sori’\%wx given vy the theorem  lets us poss fom  adversaria Seffing to ?,obo\lo'\\/\s’r'\c. NS

0 rov\Aom\j droose.  data OGN, (Xt,\lt\ ~P b swulae 4he qame.
L> we obtan some d«ss'cfkr t\t = H(X\,\i‘,,..,xt,\/t) via the  Gale- Stewoct si-m:kejj
H : jlt - H

Qvesh'w\: do we know that H is measurable ?

ot duins ouk that i? )—/ has Mﬂ reasonable. Farom\d'vizorhow, —+hen were ok.



@ Exponential Rafes
Assumrhonst

X s Polisn, Hegfo) satisfes certomn messuralbily - conditions, WMl>2.
Leome,(‘ \S 'PV&X\“'CA (,XU\/-S; (XL:\‘z\y-. "‘P hA

Theocem. If H does not have an infnite  Litdestne tree | then ¥ is leamable withn optinal e ™.
Intuition :
- N does not have an whinife Littestone tree,

- Ler T be the random variadle cowesrono\ms fo the Hime of +he last mistae

S, we. might opect o \earv\'mﬁ ate ~ exp(-"/¢) s possi ble .

UfPer bound : c.onghmcﬁnj an alger’r&hm,

et 3;“. be +he dassifiec 3, () = :It*\(x"\l"""xt'\‘t' )

obtained fom +he
odvecsarial o.(ﬁor‘rﬂ\m with 'w\ru\{— (X, ,\[b'ml (xm\‘t\ P

lemma, . If H has no 'm{:‘mih. Litestone tvee , then ?rie,r(%*) >0—X — 0 a8 t—eo .

Toatution: online learn‘mj a.\ﬁovﬂ'\r\m will ewﬁw\\\j moke no moe mistakes ~ LN = er() — 0 as

© Oam: i PeREQ—\), then  for al £,

X ;\/\:“-Xt:\/\- ~P s a valid iw?\x\" as.
4o +he onlne \eMV\'\n‘o) ’PVD‘O\QM

Beamse +he leamer has a w'wmins m&%
= the e of the last mistke T < = as.

£ £>T, +hen by the Lawof Lage Nombers

. S
I (er(ﬁb = 0) = 'Pr(s‘i"m %ﬁm‘lijtus\ﬂsg =0 \>

: : 5 < —
7 ?r(s‘_i",q gg;lﬂ{jttxs\¢ﬂsg =0, Ts%x > = ?(‘Yst)'



Tdea. If we knew t* st 'P(er(ﬁ,c.) >o) = 00)
thea  constvuct le\t’ bj +ak\nj a ’”“‘)"‘“j wte over n W o\e?m dent coples 9 %

Hwﬁdinﬂ’s = ex\»neﬁ‘\"m\ rofe W n.

Poblem. We dont kaow 1Y, sne & a\e?esnAs on P. Bar, we can estimate VLSM:) dara !

Nototion. Tor a fived PeREM), define t' so that P(er(ﬂﬁ >0) < %

Let Tou = {15 Plerd>0) < 5]

Goa\. Show +hat we can find  an estimate ‘2‘. ok “:o\“s ‘o 75»»\ u,\r\~‘>-
foke maijwi{-y vole ovec n (opies o" Q/; nstead  of I‘)t“

Lemma,. There exists aun‘wersa\\\j measurable %n = %.,. (X Yh, o0 ¥a¥n)  whoe definition  doesn AeFeﬂd on P st
thece exists C,c >0 (c\eFmde«\' on P ,-t") sudh that

?(3% < 75°°a) > 1—Ce=.

A

mﬁwi-l-hm to com?mte ta

/ (X\'\‘\);--') (XEX ) \I\_‘%D 1 estimate Ijk,S
- split data (LYY, s (Ka¥e)  info dwo halves N
(XL%]“ ;yl_i,_] #b ) (Xv.,\lv) as L\o\a\ ouwt™ Aar\'&

- for te1,.., |Z)
- Oom‘m\'e % many Mde‘)endeﬂ\' copies of Q/,‘: as ?oSSi‘o\Q. (L%2e) w?\ﬁs)
- use hodout dota 4o determine.  whethee ?‘f‘\ makes any mistakes

= let &, be the fvachion d§ '\‘If? Loy :,Lf’*n that makes a mistake

- rekuen 1t e i'\{' i‘tﬁ\.q?] : at “‘T}
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L-b Jﬁx each t=\,.., L?:,\ , W estimates ?9 o estimate «f-mcﬁor\ o§-

I\\h sk. e‘r(/\)t) > 0.

Ana\gls\s skekdh .
With V\iﬂh waa(o(“‘\'\] (e exponential in n), 11\:,\ < t"

Wik \mﬁk Fvbba\oilﬁj ) '& t is to smal so that a larﬁe Lraction e& ’1; have. o
Wil hove  exvor rotes bounded

A

positve enor vate , -then a lage. frmction of

ooy o 0, e,r(ﬂi’)»f»u.

ln short \‘\'oe-ﬁdmﬂ's * union bounds.  (Details - Lemma 44).



CJM’ML\}- H has at wost aonential leacning rate.
Let C\V\ be the mapaty vote of +he dassifiecs %z
WTS:  majority of classifiers never make mistakes
Prviows lemma = P(er(%l\ > o) <3 w.h.?. (esponentiol . )
Hoeffdli\ﬁ’s = majorty wnt et wohp. (eqonential wn ")
Union  bond
= ?(er@\,) > O) < Ce™.

E Y_QX‘ @‘V\\] N ?( <y (\I\\,b > 0) '\\M‘)\"\ts +he vesulf-

Lower bound :

"~

Lemma (lower bound). Tor any \e.arv{\nj o\\aori—l—\r\m ha , thee exsts o realizable  dismbution P

sudh Hhat E[er@\mﬂ > 2" & mev“«c\j many n

Ttubon:  dhee exists x,x'eX  and W ,h, el s&. \n.(x\=\/\,_b<) but b, # )
* Conside P whee yL w—(v moss on X and X' eadn

L 4here s an eﬂeona\ho\\ﬁ swal| ?Yulorr\bili it we havent drawn x’
= ex‘)echecl evor ey be lower lbowde \ﬂ o relata) @Q‘xﬂen-\-’\o\\.
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Theoem. |f H has nfinde LkHestone Avee., then foc oy |eAm\n3 a\ﬁor'\-l‘hm Ao,
there exists PeREM) st E[er (\7\"\)‘3 7 ‘5‘?:\ for ‘m‘f\n’&e\ﬁ many A .
Tofuition: it we are given a0 infinfte. Littlestone. tee , we can construct a  distribution
over REMH) so that \;[\'\;ﬂjgy net}@d] = Q0). Thi wnplies that
there exists some  Pe KE_O{) st. erch\n\) = Q%) m%m&% many 7.

Given an  infinte Litflesne tree , we can choose A random infinite \>oc\'\q
bj a see(uu\ce. Y= QoY - ) € 50-‘3'“ where ¥i < Ber(ﬂ

Defne B oon Xxford by sdecing (ki Yer) i pobasiliy 5

-

Notce +hat f we deaw 2 iid samples fom,. R, the max depth 1 g0 wp T
Let (Xyst.)ﬁ.u) ) (X‘is’c.,\ .\{tm) be the draws. Then-
'E‘(mm H\,,..,ﬂtn\ < k) = (1-2* )n

= when k= [1* 140 then  (-27) > 1.

“Kn-2

The Pmbabmﬂ moss  of (Xysk“,ﬁ,\ﬂ) s 2 > Bn -

i\\n 1 \/km\ ‘ m“%'{?w-w’tv‘-\‘kn" ‘J(")

= P(R\(x\#‘/ \mo»xi)cu-~-.£n\<\<v\) 7 2 % T W



= n- P(c\n()(\‘#\/ and  MAx it.,.--,tm}<k“) 7 5'

> n. F:_'LP(\RV\CXH\/ | y\]

N —o0

Tl ey )] imsop - Eeqm)

S ummary o{— Eﬂ?onenﬁal Rates. The {-o\\ow'mj are. eg(ujwalex\\':

© H is learnable ot exponentiol rates but not Faster

® H has no nfiite Littlestone ee.

Q@ There exists a leacving olgpritim that 15 eventvally corcect.

® There exisk o leo\m‘lnj o\\ﬁv/&l/m Hhat s wm%ua\\ﬁ ovrect  with @?wx\ﬁ«\ cates.-



